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Abstract. Snake modules are a family of modules of quantum affine algebras which were 
introduced by Mukhin and Young. The aim of this paper is to prove that the Hernandez- 
Lederc conjecture is true for snake modules of types A„ and Bn- We prove that prime snake 
modules are real. We introduce 5'-systems consisting of equations satisfied by the g-characters 
of prime snake modules in types An and Bn- Moreover, we show that every equation in the 
S-system of type An (respectively. Bn) corresponds to a mutation in some cluster algebra 
(respectively, s/') and every prime snake module of type An (respectively, Bn) corresponds to 
some cluster variable in s/ (respectively, j^'). In particular, this proves that the Hernandez- 
Leclerc conjecture is true for all snake modules of types An and Bn- 
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1. Introduction 


Let 0 be a simple Lie algebra over the field of complex numbers and UqQ the c orrespon ding 
quantum affine algebra. Snake modules were introduced by Mukhin and Young in MY12al ] and 
MY12b( |. They are modules of quantum affine algebras. Th e fam ily of snake modules contains 


all minimal affinizations which were introduced by Chari in C95j |. 


A simple module M is called real if M (g) M is simple, see [Le03l ]. A simple module 
M is called prime if either M is tr ivial or if there does not exist non-trivial Uj 0 -modules Mi, 


M 2 with M = Ml (g) M 2 , see [CP97 |. 


Chari and Pressley classified all prime Uy 5 l 2 -m odules in jCP9l[ |. Some prime Uj 0 -modules 


including mini mal affin izations were classified in CMY13( | by considering certain homological 
properties. In MY12bj |. Mukhin and Young classified all prime snake modules of types and 
Bn and proved that snake modules of types A„ and Bn can be uniquely (up to permutation) 
decomposed into a tensor of prime snake modules. We show that all prime snake modules of 
types An and Bn are real (Theorem 13.4p . 

The theory of cluster algebras were introduced by Fomin and Zelevinsky in 
many applications to mathematics and physics. 


FZ02l | . It has 


Let C be the category of all finite-dimensional C/gg-modules. In HL 1 C)I |. Hernandez and Leclerc 
introduced a full subcategory {i G Z>o) of C. Let I be the set of vertices of the Dynkin diagram 
of 0 and let I = Iq LI /i be a partition of I such that every edge connects a vertex of Iq with a 
vertex of Ii- For ( G I, let = 0 if ( G Iq and = 1 if i G Ii- Every object V in Q satisfies: for 
every composition factor S of U and every i G I, the roots of the Drinfeld polynomial TTi^siu) 
belong to < k < £}. 
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In HLld ]. Hernandez and Leclerc introduced the concept of mo n oidal c ategori fications of 


HLin^ . [Lein^ . jHL13^ . 


cluster algebras. They proposed the following conjecture, see 

Conjecture 1.1 l |HLlfl| |. Conjecture 13.2; (HL13| . Conjecture 5.2; [Lein^ . Conjecture 9.1). 
The Grothendieck ring of Ci has a cluster algebra structure. The simple UqQ-modules, which are 
prime and real, are cluster variables in some cluster algebra. 


In the case of types An and H 4 , i = 1, Conjec ture 11.11 was proved in iHLin^ . In the case of 
types ADE, ^ = 1, Conjecture II.II was pr oved in (Nakl 1 1. The w ork of Nakll | was generalized 
to all acyclic quivers by Kimur a and Qin KQ14l | and Lee Leel3|. I n the case of type H 3 , i = 2, 


Conjecture 11.11 was proved in (YMLZ15 |. It was proved in HL13j | that Conjecture 11.11 is true 


for K irillov-Reshetikhin modules in all types. Qin proved some cases of the Conjecture 11.11 in 
(Q15|. It is s hown tha t Conjecture 11.11 is true for all minimal afhnizations of types G 2 , An and 



\. It is 

Bn, 

OL14| 


In this paper, we prove that Hernandez-Leclerc conjecture is true for all snake modules of 
types An and Bn. More precisely, w e prove that every prime snake module is a cluster variable in 
some cluster algebra introduced in (HL13I |. To this aim, we introduce two systems of equations 
consisting of equations satished by the (^-characters of prime snake modules of types An and 
Bn. We call these systems the S'-systems of types An and Bn respectively. The equations in the 
S'-systems of types An and Bn are of the form 


[<Si][<S2] — [ 53 ] [ 54 ] -)- [<S5][56], 


( 1 . 1 ) 


where Si (z G {1,2 ,..., 6}) is a prime snake module and [5j] is the equivalence class of Si in the 
Grothendieck ring of C. Moreover, S 3 ® ^4 and <S 5 ® Sq are simple iTheorem 14.31) . By Equation 
is not simple. Therefore, some tensor products of prime snake modules are simple 
and some tensor products of prime snake modules are not simple. 

Let £/ (respectively, £/') be the clu ster algebra for the quantum affine algebra of type An 
(respectively. Bn) introduced in [HL13|. We show that the equations in the 5-system of type An 
(respectively. Bn) correspond to mutations in (respectively, j^/') and prime snake modules 
of type An (respectively, Bn) correspond to some cluster variables in 32 / (respectively, £/'). In 
particular, this proves that the Hernandez-Leclerc conjecture is true for all snake modules of 
types An and Bn. 

The procedure of proving that prime snake modules of type An (respectively, Bn) correspond 
to some cluster variables in .eZ (respectively, £/') is as follows. For a prime snake module L{S) 
with highest /-weight monomial 5, we dehne a set (Section 15.21) 


7-5(5) = {Ml, M 2 ,..., MJ, 

where every Mj is the highest weight monomial of a minimal affinization or a certain simple UqQ- 
module. We construct a mutation sequence Seqi, Seq 2 ,..., Seq^ for L(5) fSection 15.7p . where 
Seqj is the mutation sequence for the simple t/gjg-module L(Mj) with highest /-weight monomial 
Mj. Therefore, prime snake modules of type An (respectively, Bn) correspond to some cluster 
variables in j?/ (respectively, .s/'). 

When Mi is the highest weight monomial of a minimal affinizati on, the m utation sequence 
Seqj is similar to the mutation sequence for a minimal a ffinization in (ZDLL15j | . We use the idea 
of the sequence for a minimal affinization in ZDLL15i |. The mutation sequences for minimal 
afhnizations introduced in this paper is more convenient since the sequences produce all minimal 
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afRnizations of type (respectively, Bn) in the same cluster algebra (in ZDLL15| . half of the 
minimal affinizations of type An (respectively, Bn) are in a cluster algebra s/ and the other half 
of the minimal affinizations of type An (respectively, Bn) are in £/ which is dual to £/). 

The paper is organized as follows. In Section [21 we give some background information about 
cluster algebras and finite-dimensional representations of quantum affine algebras. In Section [3l 
we recall the definition of snake modules and path description of g-characters for snake modules 
of types An and Bn- Moreover, we show that all prime snake modules of types An and Bn are 
real (Theorem [331) . Section 01 we describe the 5-systems of types An and Bn- In Section [5l 
we show that the Hernandez-Leclerc conjecture is true for all snake modules of types An and 
Bn- In Section [6l we give some examples of mutation sequences for some snake modules. In 
Sections [3 [8] and [9l we prove Theorem 13.41 Theorem 14.11 and Theorem 14.31 respectively. 


2. Preliminaries 


2.1. Cluster algebras. Cluster algebras were invented by Fomin and Zelevinsky in FZr)2l |. Let 
Q be the rational field and T = Q(xi, X 2 ,..., the field of rational functions. A seed in B is 
a pair S = (y, Q), where y = {yi,y 2 , - - -, yn) is a free generating set of and Q is a quiver with 
vertices labeled by 1, 2,...,n. Assume that Q has neither loops nor 2-cycles. For k = 1,2,... ,n, 
one defines a mutation yk by yk{y, Q) = (y', Q')- Here y' = (y(,..., y' = y,, for i / k, and 


/ _ rii-i-fe Vi + Vi 
Vk : 

Vk 


( 2 . 1 ) 


where the first (respectively, second) product in the right-hand side is over all arrows of Q with 
target (respectively, source) k, and Q' is obtained from Q by 

(i) adding a new arrow i ^ j for every existing pair of arrow i ^ k and k ^ j] 

(ii) reversing the orientation of every arrow with target or source equal to k] 

(iii) erasing every pair of opposite arrows possible created by (i). 

The mutation class C(S) is the set of all seeds obtained from S by a finite sequence of mutation 
fik- If T' = {{y'i,y 2 , - - - ,yn)jQ') is a seed in C(S), then the subset {yi,y 2 , ■ ■ ■ ,yn} is called a 
cluster, and its elements are called cluster variables. The cluster algebra As is the subring of 
J- generated by all cluster variables. Cluster monomials are monomials in the cluster variables 
supported on a single cluster. 

In this paper, the initial seed in the cluster algebra we use is of the form S = (y, Q), where 
y is an infinite set and Q is an infinite quiver. 

Definition 2.1 f |GG14l . Definition 3.1]). Let Q be a quiver without loops or 2-cycles and with a 
countably infinite number of vertices labeled by all integers i Furthermore, for each vertex 
i of Q let the number of arrows incident with i be finite. Let y = {y* | i G Z}. An infinite 
initial seed is the pair {y,Q). By finite sequences of mutation at vertices of Q and simultaneous 
mutation of the set y using the exchange relation m), one obtains a family of infinite seeds. 
The sets of variables in these seeds are called the infinite clusters and their elements are called 
the cluster variables. The cluster algebra of infinite rank of type Q is the subalgebra of Q(y) 
generated by the cluster variables. 


Two quivers Qi and Q 2 related by a sequence of mutations are called mutation equivalent, 
and we write Qi Q2. 
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2.2. Quantum affine algebras. Let g be a simple Lie algebra and I = {1, ... ,n} the indices 
of the Dynkin diagram of g (we use the same labeling of the vertices of the Dynkin diagram of g 
as the one used in (Carn5| |i. Let C = {Cij)ij^i be the Cartan matrix of g, where Cij = 

There is a matrix D = diag(di | z € /) with entries in Z>o such that B = DC = 
is symmetric. We have D = diag(dj | z € /), where di = 1, i € I, for type An and di = 2, 
z = 1,..., n — 1, dn = 1) for type Bn- Let t = max{dj | z € /}. Then t = 1 for type An and t = 2 
for type Bn- 


Let Qi = q'^% i ^ I. Let Q (respectively, Q^) and P (respectively, P~^) denote the Z-span 
(respectively, Z>o-span) of the simple roots and fundamental weights respectively. Let < be the 
partial order on P in which A < A' if and only if A' — A € Q"*". 

JimSSj l and Drinfeld Dri87 |. 


Quantum groups were introduced independently by Jimbo 


Quantum affine algebras form a family of infinite-dimensional quantum groups. Let g denote 
the untwisted affine algebra corresponding to g. In this paper, we fix a £ C^, not a root of 
unity. The quantum affine algebra UqQ in Drinfeld’s new realization, see Dri88l |. is generated 
by xf^ {i & I,n ^ Z), kf^ (z £ I), hi^n {i I,n & Z\{0}) and central elements subject to 

certain relations. 

The algebra UqQ is isomorphic to a subalgebra of UqQ. Therefore, [Ajg-modules restrict to 
t/qg-modules. 


2.3. Finite-dimensional I/gg-modules and their q-chara cters. We recal l some known re- 
sults on finite-dimensional f/^g-modules and their g-characters, CP94 |. CP95a |. FR98j |. MY12a |. 
Let P be the free abelian multiplicative group of monomials in infinitely many formal variables 


aec = 


y;. 




(^i,a)iG/,aGCx • Then ZP = ]iG/,aGCx- For each j £ I, a monomial m = 

where Ui^a are some integers, is said to be j-dominant (respectively, j-anti-dominant) if and only 
if Uj^a P 0 (respectively, Uj^a < 0) for all a £ C^. A monomial is called dominant (respectively, 
anti-dominant) if and only if it is j-dominant (respectively, j-anti-dominant) for all j £ I. 

Every finite-dimensional simple t/qg-module is parametrized by a dominant monomial in 
CP94| |. |CP95a| |. That is, for a dominant monomial m = OiG/aGC^ ^ there is a correspond¬ 


ing simple I/qg-module L(m) 

The g-character of a Pqg-module V is given by 


x,(V) = E dim{Vm)m £ ZP, 

mGV 

where Vm is the /-weight space with /-weight m, see [FR.98| | . We use -y^{V) to denote the set of 
all monomials in Xq(P) for a finite-dimensional P^g-module V. Let P'*' C P denote the set of 
all dominant monomials. For m+ £ P"*", we use Xq(m+) to denote Xg(T(m+)). We also write 
m £ Xq(m+) if m £ .^(xq(m+)). 

The following lemma is well-known. 


Lemma 2.2. Let mi, m 2 he two monomials. Then L{mim 2 ) is a sub-quotient of L{mi)®L[m 2 ). 
In partieular, ./#(L(mim 2 )) C ./#(L(mi)).^(L(m 2 )). □ 

A finite-dimensional P^g-module V is said to be special if and only if .M{V) contains exactly 
one dominant monomial. It is anti-special if and only if .J^fV) contains exactly one anti¬ 
dominant monomial. It is thin if and only if no /-weight space of V has dimension greater than 
1. Clearly, if a module is special or anti-special, then it is simple. 
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The elements Ai^a €V,iGl,a€C^, are defined by 


y-ly-l 
j,aq j,aq-^ 


n 


y~^ 2 Y~}Y-^ 2 


see 


I n n 

j-.Cji=-l ) \j:Cji=-2 I \j-.Cji=-3 

FR98( |. Let Q be the subgroup of V generated by Ai^a, i ^ I,a ^ . Let be the monoids 


generated by A^^^i £ I, a € . There is a partial order < on R in which 

m < m' if and only if m'm~^ E Q'*~. 

For all m+ E {L{m+)) C m+Q“, see FM0ll |. 


( 2 . 2 ) 


The concept of right negative was introduced in Section 6 of FM01 |. 

Definition 2.3. A monomial m is called right negative if for all a E for L = max{/ E Z | 
Uj^ aq'-ijn) / 0 for some i E /} we have Uj ,^gL{m) < 0 for j E I. 

For i E I, a E C^, A~^ is right-negative. A product of right-negative monomials is right¬ 
negative. If m is right-negative and m' < m, then m' is right-negative, see FMOl], HerOd l . 


2.4. g-Characters of ?7qS[2-niodules and the Frenkel Mukhin algorithm. We recall the 
results of the g-characters of 17gSl2-modules which are well-understood, see 


Let be the irreducible representation Uq5l2 with highest weight monomial 


DPSH, jFR98^ . 


q- 

4“’=n u 

i=0 

r{a) . 




where Ya = Li^a- Then the g-character of is given by 

k i—1 




(2.3) 


(2.4) 


2=0 j=0 


where 


aq 


'■ aq • 


For a E C^,k E Z>i, the set = {aq^ is called a string. Two strings 

and ^ are said to be in general position if the union U ^ is not a string or C S 


“'/c 

^ yio-) 

or 2.^, C 2.^ 


(a') 

k' 


Denote by L(m+) the irreducible 17qS[2-module with highest weight monomial m+. Let m_|_ ^ 
1 and m+ E '^[Yaja^c^ b® ^ dominant monomial. Then m_|_ can be uniquely (up to permutation) 
written in the form 

/ \ 


=n 


Z =1 


n n 


6 gs 


(“i) 


where s is an integer, = 1 ,..., s, are strings which are pairwise in general position and 

s s 

L(m+) = Xq{L{m+)) = Hxqiwif). 


2=1 


2=1 


(2.5) 
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For j ^ I, let 


be the ring homomorphism such that for all a G C^, fijiYk^a) = 1 for A: 7 ^ j and fijiYj^a) = ^a- 
Let y be a t/gg-module. Then /3i{xq{V)), i € I, is the g-character of V considered as a 
t/g.5l2-module. 

The Frenkel-Mukhin algorithm was introduced to compute the g-characters of t/g 0 -modules in 
Sectio n 5 of FM01 |. The algorithm is based on the g-characters of [/q;S[ 2 -modules. In Theorem 


5.9 of [FM01| |. it is shown that the Frenkel-Mukhin algorithm works for modules which are 


special. 

In some cases, the Frenkel-Mukhin algorithm does not ret urn all terms in the g-character 
of a module. There are some counterexamples given in NN11[. However, the Frenkel-Mukhin 
algorithm produces the correct g-characters of modules in many cases. In p articul ar, if a module 
L(m+) is special, then the Frenkel-Mukhin algorithm applied to m+, see FM0ll |. produces the 
correct g-character Xq(L(m+)). 

We will need the following proposition from 


Proposition 2.4 (' (Hern5 |. Proposition 3. 1; |HLin| . Proposition 5.9). Let V be a UqQ-module 
and fix i G I. Then there is a unique decomposition of Xq(y) cls a finite sum 


Xgiy) = ^ XmTii'm), 


( 2 . 6 ) 


and the \m are non-negative integers. 


with Ya if j = i and by 1 if j 7 ^ i. Then the g-character Xg(L(m)) of the C/gS [ 2 -module L(m) 


Here ipi{m) (m G 7 ^ 1 ,+) is a polynomial defined as follows, see Section 5.2.1 of |HLlfll |. Let 
m G be an z-dominant monomial. Let fn be the monomial obtained from m by replacing 

is given by (12.41) . (12.51) . Write Xg(L(m)) = m(l -|- ^ 
variables A~^ (a G C^). Then one sets ^fim) := m'(l + X]p7Wp) where each Mp is obtained from 
the corresponding Mp by replacing each variable A~^ by A ~}. 

The following corollary follows from Proposition 12.41 see (HLld |. 


.pMp) 


where the Mp are monomials in the 


Corollary 2.5 r |HLinl| L Let m G 7^+ and niM a monomial o/xg(L(m)), where M is a mono¬ 
mial in the Af]^ (j G I). If M contains no variable Ai^a, then niM G and ipi{mM) is 
contained in Xq{L{m)). In particular, ipfim) is contained in Xq{L{m)). 


3. Snake modules of types and 77^ 


In this secti on, we r e call the d efinition of snake modules which were introduced by Mukhin 
and Young in MY12a |. MY12bj |. In the following, we assume that g is of type A^ or B^. 


3.1. Snake positions and minimal snake positions. We reca ll the d efinitions of snake 
positions and minimal snake positions introduced in Section 4 of MY12al | and Section 3 of 
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MY12b( |. A subset X CL I 'K ^ cUid. ciii injective mup l X —y ^ x ^ nre defined ns follows. 
Type An : Let X := {{i,k) £ I x Z : i — k = 0 (mod 2)} and t(i, k) = (i, k). 

Type Bn ■ Let X := {(n, 2k) ■. k £ Z} U {{i,k) £ I x Z ■. i < n and k = 1 (mod 2)} and 


i{i, k) 


{2i,k), 

< {in — 2 — 2i,k), 
_(2n - l,k), 


if i < n and 2n + A: — 2i = 1 (mod 4), 
if z < n and 2n + k — 2i = 3 (mod 4), 
if i = n. 


Let A, B be two sets. We define a map pr^ : A x B ^ A given by pr]^(o, b) = o. 

Let (i, k) £ X. A point {i', k') is said to be in snake position with respect to (z, k) if and only 

if 

Type An : k' — k > |z^ — z| + 2 and k' — k = \i' — i\ (mod 2). 

Type Bn : 

i = i! = n ■. k' — k >2 and k' — k = 2 (mod 4), 

i ^ i' = n or i' ^ i = n : k' — k > 2|z^ — z| + 3 and k' — k = 2|z^ — z| — 1 (mod 4), 

i < n and i' < n : k' — k > 2\i' — z| + 4 and k' — k = 2\i' — i\ (mod 4). 


The point {i\ k') is in minimal snake position to (z, k) if and only if A;' — A; is equal to the given 
lower bound. 


Remark 3.1. The a bove con dition for type An i s slightly different from the condition for type 
An in Section 4.2 of \MY 12(1] and Section 3.2 of \MY1 2W . 

3.2. Prime snake positions. Let {i,k) £ X. A point {i',k') € A is said to be in prime snake 
position with respect to (z, k) if and only if 

Type An : min{2n + 2 — z — z',z + z'} > A:' — A > |z' — z| + 2 and k' — k = \i' — i\ (mod 2). 

Type Bn : 

i = i' = n ■. in — 2>k' — k>2 and k' — k = 2 (mod 4), 

i f: i' = n or i' i = n : 2i' + 2i — 1 > k' — k > 2|z' — z| + 3 and k' — k = 2|z' — z| — 1 (mod 4), 

i < n and i' < n : 2i' + 2i > k' — k > 2|z' — z| + 4 and k' — k = 2\i' — i\ (mod 4). 

Remark 3.2. The a bove con dition for type An is slightly different from the condition for type 

An in Section 3.3 of \MY 12^1 . 


3.3. Snakes and snake modnles. A finite sequence {it,kt), 1 < t < T, T £ Z>o, of points in 
X is called a snake if and only if for all 2 < i < T, (zt, kt) is in snake position with respect to 
(zt_i, A:z_i), (MY12a |. |MY12b |. It is called a minimal (respectively, p rime) sn a ke if and only if 
successive points are in minimal (respectively, prime) snake position, (MY12a |. (MY12bl| . 

The simple module L{m) is called a snake module (respectively, a minimal snake module) if 
and only if m = TTZIi Yi^±^ for some snake {it,kt)i<t<T (respectively, for some minimal snake 
{iukt)i<t<T). |MY12al| . |MY12bt . 

Theorem 3.3 l (MY12b . Proposition 3.1]). A snake module is prime if and only if its snake is 
prime. Every snake module can he uniquely (up to permutation) decomposed into a tensor of 
prime snake modules. 


We have the following theorem. 
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Theorem 3.4. Prime snake modules are real. 


Theorem 13.41 will be proved in Section [71 

In this paper, when we write the highest Z-weight monomial m of a snake module L{m) 
explicitly, we write m = yix,kiYi 2 ,k 2 ''' yirMr such that h, I < t < T, are in increasing order. 


3.4. Path description of q-characters for snake modules of types and Bn- We will 
revie w the p ath description of q-charac ters for snake modules of types An and Bn, see Section 
5 of MY12a| | and Section 6 of MY12b] for in detail. 

A path is a finite sequence of points in the plane We write {j,i) G p if (j,^) is a point of 
the path p. 

The following is the case of type An- For all {i, k) G X, let 

^i,k = {(( 0 , yo), ( 1 , yi ),..., (n + 1 , Vn+i)) ■.yQ = i + k, 

Un+i = n + l-i + k, and y^+i - y* G {1, -1}, 0 <i <n}. 


The sets of upper and lower corners of a path p = {{r,yr))o<r<n+i G are defined as 
follows: 


Cp = {(r, yr) ^P-r € I, yr-i = yr + l = yr+i}, 

Cp = {(f, yr) &P-r G I, yr-l = yr - I = yr+l}- 

The following is the case of type Bn- Fix an e, 0 < e < 1/2, ^n,e for all £ G 2Z are defined 
as follows. 

For all f = 3 mod 4, 

= {((0, yo), (2, yi),..., (2n - 4, yn- 2 ), (2n - 2, yn-i), (2n - 1, y^)) : 

7/0 = f + 2n - 1, yi+i - yi G {2, -2}, 0 < i < n - 2, 
and yn - yn-i G {1 + e, -1 - e}}. 

For all f = 1 mod 4, 

={((4n - 2, yo), (4n - 4, yi),..., (2n + 2, yn- 2 ), (2n, yn-i), (2n - 1, y„)) : 
yo = ^ + 2n - 1, yi+i - y* G {2, -2}, 0 < z < n - 2, 
and yn - yn-i G {1 + e, -1 - e}}. 

For all (z, k) G X, i < n, ^P^i^k are defined as follows: 

^i,k { (QQ ) ) • ■ • ) Q-n) j • • • j Rl j Rq) • (®0) 0.1, ••• , ON ) G ^n,k—(2n—2i—l), 

(ao,ai,... ,On) G ^n,fc+(2n-2i-i), and an-dn = (0,y) where y > 0}. 

The sets of upper and lower corners Cp of a path p = {{jr,^r))o<r<\p\-i G i^i,k, where |p| is the 
number of points in the path p, are defined as follows: 

(7+ = Gp:jr^ {0,2n - l,4n - 2}, 4_i > ir,^r+l > ir} 

U {(rz, G A : (2?z — 1,£ — e) G p and (2n — 1,1 + e) ^ p}, 


Cp — Z {{jr, (-r) G p ■ jr ^ {0, 2zz 1,4zz 2}, £r—l < £r, ^r+l < £r} 
U {(rz, G A : {2n — 1,£ — e) ^ p and (2n — 1,£ + e) G p}. 
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A map m sending paths to monomials is defined by 

m : y ^ 

ii,k)ex 

p^m{p)= yr/. (3.1) 

(i/)GC+ (i/)€Cp- 

We identify a path p with the monomial m{p). 

Let p,p' be paths. It is said that p is strictly above p' or p' is strictly below p if 

(x, y) G p and (x, z) € p' y < z. 


It is said that a T-tuple of paths (pi,... ,pt) is non-overlapping if Ps is strictly above pt for all 
s < t. For any snake {it, kt) G X, 1 <t <T,T G Z>i, ^{it,kt)i<t<T defined by 


^{it,kt)i<t<T = {(Pi> • • • ^Pt) ■ Pt € 1 < t < F, (pi,... ,pt) is non-overlapping}. 


Theorem 3.5 l |MY12a| | , Theorem 6.1; 
a snake of length T G Z>i. Then 


MY12b| |. Theorem 6.5). Let (ig, kg) GX,l<i<T,be 


T T 

Xq{L(]J ^ X\m{pg). 


(3.2) 


The module F(nLi 


is thin, special and anti-special. 


By Theorem l3.5l the g-characters of snake modules of types and Bn with length T are given 
by a set of T-tuples of non-overlapping paths. The paths in each T-tuple are non-overlapping. 
This property is called the non-overlapping property. 

We also need the following notations in this paper. For all {i,k) G X, let pfj^ be the highest 
path which is the unique path in with no lower corners and p~^ the lowest path which is 
the unique path in i^i^k with no upper corners. 


4. 5-SYSTEMS of TYPES An AND Bn 

In this section, we introduce a closed system of equations which contains all prime snake 
modules of type An (respectively, Bn) and only contains prime snake modules of type An (re¬ 
spectively, Bn). 

4.1. Another notation of snake modules. In order to introduce the S'-systems, we need to 
use another notation of snake modules. We fix an a € and denote ig = Yi^aq^, where i G I, 
s GZ. 

Every snake module of type An is a module with highest Lweight monomial of the form 

^uih’h) .(h.h) Aim-1, 3 m-l) Aim) ' fT I iT ^t+2r + 

where t gZ, ij G I, kj >0, 1 < j < m, jg G Z>q, 1 < £ < m — 1, and 

ng = 2kg + |z£+i — ig\ + 2jg. 



(4.2) 
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In type Bn, for i,j G I, we define Eij = —6in — Sjn, where 6 ij is the Kronecker delta. Every 
snake module of type Bn is a module with highest /-weight monomial of the form 




1 


5 


^(^2.12) . —I’lm —1) u(im) j. l. ( j. l. ^t+ 2 di. r + y~!g_f 


ne 


(4.3) 


where t E Z, ij E I, kj >0, 1 < J < m, ji E Z>o, 1 < I' < m — 1 and 

= 2di^ki + 2|v+i — i^l -|- 4 — 2di^ + 4:ji -|- (4.4) 

Let 5 be a dominant monomial. We also use S to denote L{S). For example, we use 

,(im) 

n-l ,'>'2 ’’^rn 

to denote the irreducible finite-dimensional [/^g-module with highest /-weight monomial 

sd) 

J,(» 2 J' 2 ) Aim)’ 

n-l ,'<-2 

For simplicity, if j£ = 0 for some i, 1 < i < m — 1, then we use 

sd) 

Ahdl) AG,32) d'^l) .(“m-l Jm-l) Aim) 

Kj ,K2 ,-",Km-l ,'^rn 

to denote In this notation, S^^}. , , is a 

J,(n. 2 l) A'2,J2) A’-e-O) , .(*m) ’ An) A‘^2) A'-m-l) A'^m) 

minimal snake module. 

Let 6 be the set of all snake modules and T the set of all snakes. We define a map 

V? : 6 ^ T 

S I—)■ the snake of S. 


(4.5) 


It is easy to see that the map T is a bijection. 


4.2. Ne ighboring points. The concept of neighboring points was introduced in Section 3 of 
|MY12b( |. Let (/, k) G X and (i', k') G X such that (i', k') is in prime snake position with respect 
to (i, k). The neighboring points to the pair (/, k), {i', k') are two finite sequences X* and Y* 
of points in X defined as follows. 
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In type A^, let 


_ {((^(* + k + i' 

%k - 


k'), \{i + k — i' + k'))), k + i > k’ — i', 

k + i = k' — i', 



+ k' + i - k), + k' 

0 , 


i + k))), k-\-n+l — i>k' — n—l + i\ 

k-\-n+l — i = k' — n —1 + i'. 


In type let 


{Bl ), i < n, 2n + k — 2i = 1 (mod 4), or i = n, k = 0 (mod 4), 

(F*^^ ,Bl'i^ ), i < n, 2n + k — 2i = 3 (mod 4), or i = n, k = 2 (mod 4), 


where 


B 


i',k' 

i,k 


pi'F 

^i,k 


' 0 , 

((4(2i + k + 2i' - k'), 4(2i + k-2i' + k'))), 

0 , 

{{j{2i + k + 2n — 1 — fc'), ^{2i + A; — 2n + 1 + k'))), 
{{n,k' - 2n + 1 + 2i')), 

A 


i < n, i' < n, k' — k = 2 i + 2 i', 

i < n, i' < n, k' — k < 2 i + 2 i', 

i < n, i' = n, k' — k = 2 i + 2 n — 

i < n, i' = n, k' — k < 2 i + 2 n — 1 , 

i = n, i' < n, 

i = n, i' = n, 


' ((i( 2 z' + k' + 2i- k), i( 2 i' + k'-2i + fc))), 

((n, A: + 2n — 1 — 2i), (n, k' — 2n + 1 + 2i')), 

((n, A: + 2n — 1 — 2*)), 

{{\{2n -l + k + 2i' - k'), i(2n - 1 + A; - 2z' + k'))), 

0 , 

. ((i(4ii - 2 + A: - k'), i(A; + k'))), 


i < n, i' < n, k' — k < 4n — 4 — 2i — 2i', 

i < n, i' < n, k' — k > in — 2i — 2i', 

i < n, i' = n, 

i = n, i' < n, k' — k <2n + 2i' — 1 , 

i = n, i' < n, k’ — k = 2n + 2i' — 1 , 

i = n, i' = n. 


4.3. S'-systems of types An and Bn- In types An and Bn, every prime snake module can be 
written as 


j.(nj'l) i,(»2J'2) Aim)’’ 

I’^m 


(4.6) 


where m > 1 , > 0 , 1 < I’ < m — 1 , if = 0 , then ^ i^+i, ki, k 2 , ■ ■ ■ ,km ^ ^>i, t G Z. 

Let 1 S 2 be the prime snake module (14.6p and sgn(x) the sign function. We define 5i in Table 
[U (respectively, Table [2]) for type An (respectively, Bn)- 
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Conditions 

Si 

m = 1 

c(‘+2) 

i,(n) 

*1 


m = 2, i 2 = 1 (mod 2) 

^(t+2) 

fc(*l\fc2*'*2+=Sn(n-*2)) 


m = 2, i 2 = 0 (mod 2) 

^(t+2) 

fc(n\(fc2-l)(*2+'5gn(n-i2)) 

o 

II 

j2=0, m>3, (*2—*l)(*3—*2)>0, 

je>0, 3<e<m-l 

^(£ + 2) 


j2>l, m>3, (* 2 —n)(*3—*2)>0, 
jl>0, 3<e<m-l 

^(‘+2) 


j2>0, m>3, (* 2 —n)(*3—*2)<0, 
jl>0, 3<i<m-l 

^(£+2) 

fc(*l\fc2(*2+sgn(n-»2).J2),fc(*3’23)_fc(*4.J4) ;,^m) 

Jl > 1 

m>2, je>0, 2<£<m-l 

^(*+2) 

i,(n.21-l) I.(*2.i2) dh’h) t(*4.J4) 


Table 1. Definition of 5i in type An- 


Conditions 

Si 

m = I 

(* + 24;^) 

d'l) 

*1 

Jl = 0, ii n, 12 = n, m = 2, k 2 is odd 

c(£+4) 

Jl = 0, ii n, 12 = n, m = 2, k 2 is even 

c(*+4) 

jl =0, ii / n, 

12 7 ^ n 

m = 2 

^(t+4) 

j2=0, m>3, (t2—ii)(i3-*2)>0, 
i£>0, 3<^<m-l 

^(t+4) 

jf2>l, m>3, (^2—ii)(i3-*2)>0, 
i£>0, 3<^<m-l 

^(*+4) 

fc(*l)^fc2(*2+sgn(ii-i2)D'2-l),fc^^3D3)^fc(MD'4)^, 

j2>0, m>3, (i2—ii)(i3—i2)<0, 
j£>0, Z<i<m-\ 

^(t+4) 

fc<‘l>,/i2(l2+=gn(il-l2).22),4‘3-A),4l4J4)_ , 

jl >1, *1 / 11- 

m>2, j£>0, 2<£<m-l 

^(t+4) 

fc(nDl-l)^^(i2D2)^fc(^3D'3)^fc(*4D'4)^_,_^fc(^m) 

jl = 0, ii = n 

m = 2 

^(£+2) 

(tl + l)("),(j4’3 t2)(l2 + l) 

“(•2 + 1) 

j2=0, m>S, i2>*3, 
j£>0, 3<^<m-l 

^(£+2) 

j'2>l, m>3, 22>«3, 
i£>0, 3<^<m-l 

^(t+2) 

(fcl + l)(-),(^^i2_fc2)C*2 + lD2-l),4*3D3)^fc(MD4)^,_,^fc^m) 

j2>0, m>3, i2<i3, 
j£>0, 3<^<m-l 

^(t+2) 

(fcl + l)(»), („Ti2_J,2)(i2 + 1.22),413.23), 

O 

to 

j2=0, /c2 is odd, m=3 

^(t+4) 

41l),(£^)(-l),l(n),(^j_fii_,3)(i3 + l) 

j'2=0, /c2 is odd, m>4, 

£3<i4, j£>0, 3<^<m—i 

^(£+4) 

4I1), (£2^)(n-l),l(r.),(^jTa_t3)(l3 + 1.23-3i3i4) 414.24) , 

j2=0, k 2 is odd, m>4, 
i3>i4, j£>0, 3<^<m—1 

^(£+4) 

411) (+2^)(„-l) !(„) (,, ^_l,(i3.l3) 414.24) .j(im) 

j'2>l) m>3, /c2 is odd, 
j£>0, 3<^<m-l 

c(£+4) 

411) (+2^,(„-l)_l(„.,2-l) 413.23),414.24) _^(im) 

j'2>0, m>3, k 2 is even, 
j£>0, 3<^<m-l 

^(*+4) 

jl >1, d = 11- 

^>2, j£>0, 2<£<m-l 

^(t+2) 

(J,, + l)(».2l-l),4I2 .22),^,(13.23),414.24),, ,fc(im) 


Table 2. Definition of 5i in type Bn- 

















CLUSTER ALGEBRAS AND SNAKE MODULES 


13 


Let <Li = and X 2 = ^{S 2 ), where ip is defined in (|4.5p . We define 

= n ‘54 = L( H Yi^k). 

(i,k)eXi ii,k)€X2\iii,t) 


(4.7) 


Let 


and 


= {{h,t + 2dij) :l<j<ki}c Yi, 

+ 2diJ - 2di^) :l<j<ki}c Y 2 , 


X = 


X' 


n '^i,k 


i,k+2di 


Y= n 

(i,k)£Xi^ 


i^k-\-2di 

i,k 


If m = 1, let 


55 = L( H Yi^k) 
(i,k)ex 


Se = L{ [] 
(i,k)£Y 


(4.8) 


55 = 


If m > 2, we define S 5 , Sq as follows. In the case of type An, let 

-^((n(i,fc)ex^*,fc)(n {*,A:)gAi\A/^ ^i,fc))) h ^ *2, 
-^((n(i,fc)GY^*,fc)(n (i,A:)gAi\A/^ '^i,k))^ A > * 2 , 

^ _ f-^((n(i,fc)GY^*L)(n (i,fc)GA2\Ai^ ^i,k)), n < *2, 
\-^((n(i,fc)ex ^*,fc)(n (i,k)£X2\Xi^ *1 > *2- 

In the case of type Bn, let 


(4.9) 


55 = 


56 = 


■f'((n(i,fc) 6 xL,fc)(n(i,fc) 6 .Yi\A -4 L,t)), pri(t(4i4)) < pri(t(L,t+ ni)), or ii = 12 7 ^ n, or ij = 23 = n, t + rai = 2 (mod 4), 

B{I{(i,k)€YYjd{I{(i,k)€X,\xi^Yh)), Pi-ddhh)) > Pi'i(4*2,i + rti)), orii = 42 = n, 1 + m = 0 (mod 4), 

{B{X{{i,k)€YYk)A{(i,k)€X^\XnYk)), PU(d*ih)) < PUldL.t+ ni)), orii = i 27 ^n, orji = i 2 = n, 1 + ni = 2 (mod 4), 


l-^((n{i,fc)exL,fc)(n(i,fe)e.V 2 \.Yij L.L). Pi'ddhh)) > PUld'h,* + "i)), or ii = ^2 = «, 1 + ni = 0 (mod 4), 


(4.10) 


where rii is defined in (14.41) for type Bn, the map l is defined in Section [3d] 
We have the following theorem. 


Theorem 4.1. In type An (respectively, Bn), let S 2 he the prime snake module {4.0) . We have 
the following system of equations 


[<Si][<S2] — [53] [54] + [55] [^e], 


(4.11) 


where 5i is defined in Table (respectively, Tahle\^, S 3 , <S4 are defined in {f- S 3 , S 3 are 

defined in { 4 . 8 i) , ^7^ (respectively, { 4 - 10 ) ). 

We call the system of equations in Theorem 14.II the S'-system for type An (respectively, Bn). 
In p articula r when m = 1, the system of equations in Theorem 14.II is T-system for types An and 
Bn, HerOd ] . (KNS94 | . The eq uations in the S'-systems are different from the equations in the 
extended T-systems, MY12bj |. Theorem 14. II will be proved in Section (HI 
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Example 4.2. The following are some equations in the S-system for type A^. 

[3_33_i][3_53_3] = [3_53_33_i][3_3] + [2_42_2], 

[3_32o][3_5l-i] = [3_53_32 o][1-i] + [2o][2_4l-i], 

[3_33_i][3_52_2] = [3_53_33_i][ 2_2] + [3_i] [2_42_2], 
[ 3 _ 7 l- 32 o][ 3 - 92 _ 6 l- 32 o] = [ 3 _ 93 _ 7 l- 32 o][ 2 - 6 l- 32 o] + [l-32o][2_82_6l-32o], 
[2-42-22o][2_6l-32o] = [2-62-42_22 o][1-32o] + [3-52-22o][l-5l-32o], 
[2-42-22 o][2_63_32o] = [2_62_42_22o][3_32o] + [l_52_22o][3_53_32o], 
[2_22o][2_42o] = [2_42_22o][2o] + [l_32o][3_32o], 

[l_5l-32o][l-72-42o] = [l-7l-5l-32o][2-42o] + [l-32o] [2_62_42o], 
[3_53_32o][3_72_42o] = [3_73_53_32o][2_42o] + [3_32o][2_62_42o]. 

The following are some equations in the S-system for type B 4 . 

[4_2o4_i82_ii3_i][4_223_i72_ii3_i] = [4_224_2o4_i82_ii3_i][3_i72_ii3_i] + [4_i82_ii3_i][3_2i3_i72_ii3_i], 
[4_2o4_i82_ii2_73_i][4_22l-132_73_i] = [4_224_2 o4_182_ii2_73_i][1_i32_73_i] + [4_i82_ii2_73_i][3_2i1_132_73_i], 
[4_84_63_i][4_io3_i] = [4_io4_84_63_i][3_i] + [4_63_i][3_93_i], 

[4_i24_io4_84_63_i][4_i43_g3_i] = [4_i44_i24_io4_84_63_i][3_93_i] + [4_io4_84_63_i][3_i33_93_i], 
[4-i64_i43_93_i][4_i82_ii3_i] = [4_i84_i64_i43_93_i][2_ii3_i] + [4_i43_93_i][3_i72_ii3_i], 
[2-i34-63_i][2_i74_io 2_3] = [2_i72_i34_63_i][4_io2_3] + [l_i54_63_i][3_i54_io2_3], 
[3-i54_io4_84_63_i][3_i94_i43_93_i] = [3_i93_i54_io4_84_63_i][4_i43_93_i] + [2_i74_io4_84_63_i][4_i84_i64_i43_93_i], 
[3_154_io2_3][3_194_i 43_92_3] = [3_l93_l54_io2_3][4_i43_92_3] + [2 _i74_io2_3][4_i84_i64_i43_92_3], 
[3-ii4_63_i][3_i54_io3_i] = [3_i53_ii4_63_i][4_io3_i] + [2_i34_63_i][4_i44_i24_io3_i], 

[2 -233-172-11 3_i][2_274_2o4_i82_ii3_i] = [2-272-233-172-ii3-i][4-2o4-182-ii3-i] + [1-253-172-ii3-i][3-254-2o4-182-ii3-i], 
[2 -233-174-82-i] [2-274-2o4-184-82-i] = [2 -272 -233-174-82-i][4-2o4-184-82-i] + [1-253-174-82-i][3-264-2o4-184-82-i]. 

Moreover, we have the following theorem. 

Theorem 4.3. The modules in the summands on the right-hand side of each equation in The¬ 
orem are simple. 

Theorem 14.31 will be proved in Section [9l 

4.4. The s-systems of types An and Bn~ Let <S be a 17q0-module. We use Res(5) to denote 
the restriction of S to UqQ. Let y(M) be the character of a f/qg-module M. We have a system 
of equations 

x(Res(<Si))x(Res(<S 2 )) = x(Res(53))x(Res(54)) + x(Res(<S5))x(Res(<S6)), (4.12) 

where [<Si][<S 2 ] = [ 53 ][ 54 ] + [<S5][56] are equations of the S'-system for type An (respectively, Bn). 
We call this system of equations the s-system of type An (respectively. Bn). 

5. Relation between S-systems and cluster algebras 

In this section, we show that every equation in the S'-system of type An (respectively, Bn) 
corresponds to a mutation in some cluster algebra .s/ (respectively, £/') and every prime snake 
module of type An (respectively, Bn) corresponds to some cluster variable in £/ (respectively, 
£/'). In particular, this proves that the Hernandez-Leclerc conjecture fConjecture II.ip is true 
for snake modules of types An and 
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5.1. Definition of cluster algebras j?/ and j?/'. We recall the definition of the cluster algebras 
introduced in (HL13I | . Let V = I X Z and let L be a quiver with the vertex set V whose arrows 
are given by (i, r) —)• (j, s) if and only if bij ^ 0 and s = r + hij, where B = = DC is 

defined in Section ipi ,_, 

It is shown that T has two isomorphic components in [HL13( |. Let L be one of the components 
and V its vertex set. Let ip he a function defined by ^p{i, t) = {i,t + di) for (i, t) G V. Let 
W C / X Z be the image of V under the map 'ip and let G be the same quiver as L but with 
vertices labeled by W. Let W~ = W n (I x Z<o) and let Q be the full sub-quiver of G with 
vertex set W~. 

Let z~ = {zi^t ■ (hi) £ W~} and let £/ be the cluster algebra defined by the initial seed 
(z~,Q). For convenience, we denote by Q' and £/' the quiver Q and the cluster algebra in 
the case of type Bn, respectively. 

In the case of type An, let 


S = 1 i is even, /c G Z>i} U 

1 i is odd, k G Z>i}. 

(5.1) 

In the case of type Bn, let s' = si U S 2 , where 



Si = 1 ^ ^ 


(5.2) 

S 2 = 1 i G {I,... , n - 

I}, k G Z>i}. 

(5.3) 


Let £/ (respectively, £/') be the cluster algebra defined by the initial seed (s, Q) (respectively, 
(s',Q')). Here we identify s (respectively, s') with z~ as follows. For (i,t) G W~, we identify 
s% with Zi^f 

We say that is at this vertex and we say that the label of this vertex is Let Q 

(respectively, Q') be a quiver which is mutation equivalent to Q (respectively, Q') in type An 
(respectively, Bn)- After we mutate at a vertex u of Q (respectively, Q'), the variable at v is 
changed and the label of v is changed. 

In this paper, our mutation sequences satisfy this property: after we mutate a quiver using 
a mutation sequence, any two vertices in the current quiver we obtain have different labels. 
Suppose that the label of a vertex u in Q (respectively, Q') is {i,t)- After we mutate at v, the 
label of V becomes (i,t — 2di). We use (i,t) to denote the vertex with the label (i,t). 

5.2. Fundamental segments and distinguished factors. 

Definition 5.1. Let S be a prime snake module and S its highest l-weight monomial. Then S 
can he written as 

Q _ nd) 

uihdl) y(i2,h) J (*m — 1 '3rn—l ^ ui'^rn) ’ 

fill ,^2 

where m > I, > 0, 1 < i < m — 1, if ji = 0, then ii ^ it+i, ki, k 2 , ■ ■ ■ ,km S ^>i, t G Z. 

Let 


rs{s) = Fs, u fs2 u fss, 

(5.4) 

rsi = 1 stri, :*„ = *+ E "4 . 

(5.5) 

1 J 



where 
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FS2 = {S 


ih) 


l-l 


^ ^ , ■ £ + r < m, r > 1, £ > 1, if = t + > n,-, 

'^e ’’^e+i j—i 

^f—1; — ^£+r+l; if ‘ ‘ ‘ if+r if ^ if_]^, ii-\-r ^ i^+r+1? if ^ * * * ^ if^-p} , 

(5.6) 




: 1 < ^ < ^ - 1> > 1, i %• [ 

’ i=i J 


(5.7) 


We call FS{S) the set of fundamental segments of S. 

Example 5.2. In type A^, we have 

J'5(2_i24_85_55_34o) = {4o, 5_55_34o, 2_i24_85_5}. 


In type A^, we have 


•7^‘5(2_i63_i33_ii2_82_43_i) 

= {3-1, 2_43_i, 2_82_4, 3_i33_ii2_8, 2_i63_i3}, 
•^‘5(2_3o2_26l-23l-2l2-l83_i52_i22_io2_64_24o) 

= {4-24o, 2_64_2, 2_i22_io2_6, 3_i52_i 2, I_23l-2l2-l83_i5, 2_26l-23, 2_3o2_26}- 

In type B^, we have 

•^‘5(1_3i2_252_i73_i23_62_i) 

= {2_1, 3_62_i, 3_i23_6, 2_i73_i2, 2_252_i7, 1_3i2_25}, 
-F5(2_432_352_3i1_253_i83_83_23o) 

= {3-23o, 3-83-2, 3-183-8, 1-253-18, 2-352-3i1-25, 2-432-35}. 

The following proposition is easy to prove. 

Proposition 5.3. Let S be a prime snake module and S its highest l-weight monomial. Then 
S is uniquely determined by FS{S). 

Definition 5.4. Let S be a prime snake module and S its highest l-weight monomial. Let M 
be a monomial in TS{S), the last factor of M is called the distinguished factor of M. 

Example 5.5. In type A 4 , let S = 2 -i 63 -i 33 -ii 2 - 82 - 43 -i. Then the set of distinguished 
factors of S is {3-i, 2-4, 2-8,3-i3}, see FigureUl 

In type B^, let S = l- 3 i 2 - 252 -i 73 -i 23 - 62 -i. Then the set of distinguished factors of S is 
{2-1,3-6,3-12,2-17,2-25}, see Figure^ 
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12 3 4 



Figure 1. The points ■ corre¬ 
sponding to distinguished factors of 
2 _i 63 _i 33 _ii 2_82_43 _i in type A4. 


1 2 3 2 1 



Figure 2. The points ■ corre¬ 
sponding to distinguished factors of 
1-3 i 2 - 252 -i 73 _i 23_62 _i in type B3. 


5.3. Distinguished sub-quivers. Let Q (respectively, Q') be a quiver which is mutation equiv¬ 
alent to Q (respectively, Q') and any two vertices in Q (respectively, Q') have different labels. 
We define a subset y of the set of vertices in Q (respectively, Q') as follows. In the case of type 
-^n ; l^f 


y = {(z, k) ^ Q : i — k = 0 (mod 2)}. 


In the case of type Bn, let 

y = {(n, 2 k) ^ Q' : k ^ '^< 0 } U {(z, k) Q' : i < n and k = 1 (mod 2)}. 

For a quiver yf, we use V(yf) to denote the set of its vertices. We define a distinguished 
sub-quiver (respectively, yf^^ ) with respect to (i,t) € V(Q) (respectively, V(Q')) in type 
An (respectively, Bn). 

The map z is defined in Section [3Tl In the case of type An, let 


^ (-^m) = 2/i) € T : j G yi = t-2, yj = yj+i + 1, 1 < j < z - 1, 

and yj+i = + 1, i<j<n - 1}. 


Figures [3l[l] illustrate distinguished sub-quivers -^5^-3 in the original quiver of type A^ 
respectively. 
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Figure 3. The distinguished sub-quiver in the 
original quiver of type Ag. 


Figure 4 . The distinguished sub-quiver in 

the original quiver of type Ag. 


In the case of type 

• for all i = let 

^ = {44 Vj) ■ 3 ^ h ?/n € {£ - 4, £ - 6}, Vn-l = ?/n + 3, 

Vj = Vj+I + 2, 1 < j < n - 2} ; 

• for all i < n, let 

y ^ = {44 Vj) ■ 3 ^ I, yi = i-y Vj = yj+i + 2,1 < j < i - 1, 

2/j+i = %' + 2, i <j <n-2, yn = yn-i + 1} U 
{44 yj) ey : j e I, yn= i + 2n-2i -7, y„_i = + 3, 

yj = 2/j+i + 2, 1 < j < n - 2} . 

Figures [5l El [71 [8] illustrate the distinguished sub-quivers -^ 2 -^ ™ 

original quiver of type respectively. 




Figure 5 . The distinguished sub-quiver .^ 2 -a ^ ^be original Figure 6. The distinguished sub-quiver in the original 

quiver of type quiver of type S4. 
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Figure 7. The distinguished sub-quiver ■^ 2-1 original Figure 8. The distinguished sub-quiver ^ 2 -h original 

quiver of type B 4 . quiver of type B 4 . 


We define sub-quivers and as follows. 


n {i{j,yj) G y ■■ pri(dj>yi)) > pri(dbt))}- 

Similarly, we define ) and r(jSf^^ ). 


5.4. Mutation sequences with respect to a quiver. Let Q (respectively, Q') be a quiver 
which is mutation equivalent to Q (respectively, Q') and any two vertices in Q (respectively, Q') 
have different labels. By saying that we mutate Ci^t of Q (respectively, Q'), we mean that we 
mutate at the vertex of Q (respectively, Q') which has the label {i,t) in the i-th column and so 
on until the vertex at infinity in the i-th column. 

For convenience, in the case of type Bn, let 






\v'(l(i?’J)) - ((2n -1,1 + 2n - 2i - 7)), 


For type An (respectively, Bn), suppose that 


i^n, 2n — 2i + ^=l 
i ^ n, 2n — 2i -|- £ = 3 

i ^ n, 2n — 2i + i=l 
i n, 2n — 2i + £ = 3 


(mod 4), or i — n, 
(mod 4), 

(mod 4), 

(mod 4), or f = n. 


{respectively, U'([(.if^ ))) = {(j'l, b), (j2,^2), • • •, (im, tm)}, 
where ji < 32 < ■ ■ ■ < jm < pri{i{i,i)), and 


F(r(.if^)) {respectively, U'(r(.if^ ))) = {(j'i,ti), {hM), • • •, (im,tm)}, 

where ji > j2 >•••> jm > pri(db^))- 

In type An (respectively. Bn), we say that we mutate l{yf^f) (respectively, )), we mean 

that we mutate C'j2,t2, • • •, 3Ve say that we mutate r(jSf^*^) (respectively, )), 
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we mean that we mutate We say that we mutate (respectively, 

), we mean that we mutate (respectively, )), (respectively, )), 

and then mutate C'j^£_2 (respectively, C'j^£_4). 

5.5. Definitions of the maps ti, Tr, t. Let Qi (respectively, Q'l) be a quiver which is mutation 
equivalent to Q (respectively, Q'). 


Let £ 


M . 


on £ as follows. In the case of type An, let 



We define three maps ti, Tr, r 

c/yQi 

(5.8) 

c/>Qi 

(5.9) 

_ c/>Q^ 

(5.10) 


where the quivers Qi’s in (I5.8j> . (|5.9p . (15.1011 are obtained from Q by mutating [(.if^^), 
respectively. 

In the case of type Bn, let 


) = 


c/>Q'i 

i < n — 1, 2n + t — 2i = 1 

(mod 4), 

c/>Q'i 

i = n, t = 2 (mod 4), 


c/>Q'i 

i = n, t = 0 (mod 4), 


(/}Q'i 

i = n — 1, 2n + t — 2i = 3 

(mod 4), 

(/}Q'l 

••^i+l,t-2i 

i < n — 1, 2n + t — 2i = 3 

(mod 4), 


(5.11) 


= ■ 


-^j+11_2) i < n — 1, 2n + t — 2i = 1 (mod 4), 
i = n — 1, 2n + t — 2i = 1 (mod 4), 




•Q'l 


n,t—3 ’ 


^n\t-i^ i = n,t = 2 (mod 4), 
i = n, t = 0 (mod 4), 

-^j_i t- 2 i i <n — 1 and 2n +1 — 2z = 3 (mod 4), 


(5.12) 


(5.13) 


where the quivers Q(^’s in (|5.11l) . (|5.12|) . (|5.13p are obtained from Q' by mutating ), )> 

respectively. 

We define T°(.ifj^) = T/"(.ifj^) = ri(r™“^(.ifj^)). We use the following convention: if 

m < 0, then r™(j^.^) = 0. The quivers r™(j^.^), r”*(j^-^), r™(.if-^ ), ), r™'(.if-^ ) 

defined similarly. 


are 
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By definition, (respectively, )) is a sub-quiver of some quiver Qm (rep. Q'^) 

which is mutation equivalent to Q (respectively, Q'). For simplicity, we write 
for (respectively, = r™(.if’^ )). Similarly, we write 

for = r™(.ifj) (respectively, ))> and write for = 

r"*(^J) (respectively, = r™(j^J')). 

Example 5.6. Fiauresl^ and\J(H illustrate the maps Ti, Tr, r in the original quivers of types Ag, 
Bi respectively. 





(a) 


W 


(c) 


Figure 9. In the original quiver of type («) -^ 4,-4 = {b) <^^6,-4 = 

Tr{.^5-3)', (c) .^5,-5 = t{A^ 5 - 3 ). 





(a) (b) (c) 


Figure 10. In the original quiver of type (a) = r;(.if 4 ^_ 4 ); (6) S^z-7 = 

rr(.if4,-4); (c) .i^4,-8 = r(jSf4 _4). 


5.6. Mutation sequences of Kirillov—Reshetikhin modules. In HL13|, Hernandez and 


Leclerc defined a sequence of mutations for every Kirillov-Reshetikhin module whose highest 
weight monomial m satishes the property: (i,t) G W~ for every fac tor Yjt in m. We recall the 
mutation sequences for Kirillov-Reshetikhin modules introduced in HL13l |. 
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Let Q (respectively, Q') be a quiver which is mutation equivalent to Q (respectively, Q') 
defined in Section ED and any two vertices in Q (respectively, Q') have different labels. By 
saying that we mutate Ci^t of Q (respectively, Q'), we mean that we mutate at the vertex of 
Q (respectively, Q') which has the label (i, t) in the Lth column and so on until the vertex at 
infinity in the z-th column. 

Let Seq^, mi < j < m 2 be mutation sequences, we use 


mi 


m2 


j)mi<j<m2 n Seq, 

j=m 2 \ j=mi 

to denote mutation sequences 

^oq^2 5 ^oq^2—15 • • • 5 ^oq^^ and Seq,^^, Seq,^^_|_]^,..., Seq^2 


respectively. 

Cons ider the Kirillov-Reshetikhin module t <0, k ^ Z>i, z € /. In the case of type Ar, 
(' [HL13 |. Section 3), we mutate 


i-i /HJ \ All 

n n C2r,-2e I I C'2r-l,-2£-l 

i=0 yr=l J yr=l 

starting from the quiver Q, where j is defined by the formula 

'-2k-2j + 2, z€2Zn/, 
-2k-2j + l, zG(2Z + l)n/. 


t = 


:(i) 


We use Qo to denote the current quiver. Then we obtain the Kirillov-Reshetikhin module , 
t < 0, k G Z>i, z G I, at t he vert ex (z, t) of Qo- 
In the case of type Bn 1 [HL13 ]. Section 3), let 


/Lt-iJ \ /rt-21 \ /rt-21 \ /Lt-iJ ^ 

KR{n, 1) = Cn-it \ ](([ C'n-l-2r,-«-l I I ](([ C'n-2-2r,-4Z-3 1 C'n,-4£-2 I ](([ C'n-2-2r,-4Z-l 1 I ](([ C'„_l_2r,-4Z-3 


When i ^ n, t = —Ak — 2j + 3, we mutate f([ KR{n,i) starting from the quiver Q'. When 

£=0 

r§-2i 

i = n, t = —2k — 2j + 4, we mutate n KR{n, i) if j is odd, and mutate 

1=0 

df-ij \ /rt-21 

KR{n,i) j Cn,-2j+4 j Cn-l -2r-2j+3 j j Cn-2-2r,-2j+l 


£=0 


r=0 


r=0 


if j is even, starting from the quiver Q'. We use Qg to denote the current quiver. Then we 
obtain the Kirillov-Reshetikhin module t <0, k G Z>i, z G I, at the vertex (z,t) of Qg. 
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5.7. Mutation sequences for snake modules of types An and Bn- Let 5 be a prime snake 
module and S its highest /-weight monomial. Then S can be written as 

Q _ Q(t) 

i,(Uj'l) 1,(®2J'2) Aim.)’’ 

where m > 1, > 0, 1 < £ < m — 1, if = 0, then ^ ii+i, ki,... ,km € Z>i, t G Z. 

By Definition 15.11 we have 


.F5(5) = FSi{S) U FS 2 {S) U F53(5), 

where FSi = {Mi = )}, FS 2 {S) U FSs{S) = {M 2 , ..., Mq}. We reorder the elements in 

km '■ 

FS 2 {S) L)FS 3 {S) such that the distinguished factor {lp)sp of Mp and the distinguished factor 
(Zp+i)sp+i of Mp+i satisfy Sp > Sp+i, 2 < p < q - 1 . 

Let Qi, Q 2 , ..., Qh be quivers in a mutation sequence. Let {ii, si) € V{Q£), 1 < i < h. For 
simplicity, we write for and write for 

Let Mp G FS{S), 1 < p < q, and let (/p)sp be the distinguished factor of Mp. Using 
the mutation sequence defined in Section 15.61 starting from the initial quiver Q in type An 
(respectively, Q' in type Bn) defined in Section [5Tl we can obtain a quiver Qq (respectively, Qq) 
and obtain the module L{Mi) = L(<S'[*"(1^)) at the vertex {im,tm) of Qo (respectively, Qg). 

In the following, we define mutation sequences Seq2, Seqg, ..., Seq^ starting from the quiver 
Qo (respectively, Qq) of type An (respectively, Bn) such that after we mutate Seq^, Seq2, ..., 
Seq^, we obtain the snake module 5 = L{S) at the vertex {ii,t). 

The following is the case of type An- 

(1) Suppose that Mp € FS{S 2 ). Then there are some £, r such that 


Mp = 


oi^e) 

Ah) Jh+i) Ah+t-i) 


If the sequence {iu)t<u<t+r is in decreasing order (respectively, in increasing order), then 
we mutate {x{Tl^{.^ip,sp)))o<h<n-ip-i (respectively, {\{Tl^{.^ip,sp)))o<h<ip- 2 )- If r > 2, we 
continue mutating 


l+i 

n 

ii=£+r—1 




i + r — 1 
i = u 


(Ciu+l,Si,^+l-2j, Ci^^2,Si^+2-2j j ) Cn,sn-2j) 


i=i+ES 


i+r— 1 ; 


e+i 

(respectively, 

u=i-^r—l 


2^i=u 




i=i+E£:; 


+1' 




where i, Si satisfy = tI {.^ip,sp), H+r < i < n (respectively, .if*, \.^ip,sp), 

1 < i < ii+r)- 

(2) Suppose that Mp G FS{S 3 ). Then there is some i such that Mp = y 

• If *£ > /p, then we mutate 

(^«p,5p)))o</i<i,-/p-l, {T^{Tr^~^^{Ffl^,Sp)))o<h<p-l- 
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• If then we mutate 

{K'rt{-^lp,sp)))o<h<lp-ie-i, {^lJ,,sp)))o<h<je-l■ 

Th.e following is the case of type Bn- 

(1) Suppose that Mp G FS{S 2 )- Then there are some r such that 

_ o(h) 

P p(H + r-l) Au + r)' 

Suppose that the sequence {iu)e<u<e+r is in increasing order. If Ip ^ n, 2n + Sp — 2lp = 1 
(mod 4) or Ip = n, Sp = 0 (mod 4) (respectively, Ip ^ n, 2n + Sp — 2lp = 3 (mod 4) or Ip = n, 
Sp = 2 (mod 4)), then we mutate 

{Kpti^ip,sp)))o<h<ip -2 (respectively, {t{T^{^ip,sp)))o<h<ip- 2 )- 
If r > 2, then we continue mutating 


t+i 

n 


u=l+r—l 


2 ^i=u 






where i, Si satisfy \-^ip,sp), 1 < i < ii+r- 

(2) Suppose that Mp G FS{S 2 )- Then there are some £, r such that 

_ c-ih) 

Suppose that the sequence {iu)£<u<e+r is in decreasing order. 

• If 2n + Sp - 2lp = 1 (mod 4), then we mutate {x{Tl!-{Ffi^^sp)))o<h<n-ip-i- If r > 2, then 
we continue mutating 
G 


e+i 

n 


u=i^r—l 


2^i = u 


W (t(.5fri,Sn-4j+4); ^^211+2,54^+2-4^; • • • ? C'n,Sn-4j) \ ? 


i=i+E‘ 


^ + r —1 
= tt + l 


ki 


where i, Si satisfy = tI ^^i.^ip,sp), H+r <i<n. 

• If 2n + Sp - 2lp = 3 (mod 4), then we mutate (l(r;'"(jS?Zp,sp)))o</i<n-Zp-i- If r > 2, then 
we continue mutating 


e+i 

n 

u=£-\-r—l 


n 


£+r —1 


ki 


{K-^n,s„-4:j+i) 7 C*iu+l,Si„+i-4j) C*iu+2,Si„+2-4j) • • • ; Cn,Sn-4j) 


i=i+E‘ 


£+r —1 
= tt + l 


ki 




where (z,Si) such that ^^{^ij,,sp), H+r <i <n. 

(3) Suppose that Mp G FS{S^). Then there is some ^ such that Mp = 

• li Ip ^ n, 2n + Sp — 2lp = 1 (mod 4), ii > Ip or Ip ^ n, 2n + Sp — 2lp = 3 (mod 4), 
in < Ip or Ip = n, Sp = 2 (mod 4), then we mutate 
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• If /p 7^ n, 2n + Sp — 2lp = 1 (mod 4), < Ip or Ip ^ n, 2n + Sp — 2lp = 3 (mod 4), 

H > Ip or Ip = n, Sp = 0 (mod 4), then we mutate 


Remark 5.7. 


Minimal affinizations are modules 




which satisfy ii < ■ ■ ■ < ir 


or ii > ■■■ > ir- The mutation sequences above in the case (1) in type An (respectively, 
the cases (1), (2) in type Bn) are mutation sequences for minimal affinizations which satisfy 
ii < ■ ■ ■ < ir or ii > ■ ■ ■ > ir- These mutation sequences are defined in the same cluster algebra. 
In \ZDLLld l. the mutation sequences for minimal affinizations which satisfy ii < ■ ■ ■ < ir are 
defined in a cluster algebra and the mutation sequences for minimal affinizations which satisfy 
ii > ■ ■ ■ > ir are defined in another cluster algebra sZ which is dual to ^. 


5.8. The equations in the 5-system of type An (respectively, Bn) correspond to mn- 
tations in the cluster algebra £/ (respectively, £/'). In this section, we give the relation 
between prime snake modules and cluster variables. 

Let S be the set of prime snake modules. Let 


r (d 

= 


^1 ,/C2 


-1^ 


■ jl ^ 0, 1 < £ < m — 1, ki,... ,km G t G Z}. 


We define a map 


: S 






(5.14) 


Aii’h) AA’h) Aim) Aii^h) AA^h) AA^h) Aim)' 


We apply the map ^|J defined by (|5.14p to the equations [5i][52] = [53][54] + [55][56] in the 
5-system for type An (respectively, Bn). Then we have a new system of equations: 


SIS2 *53^4 T 


(5.15) 


where s* = ip (Si), 1 < i < 6. For each equation in (15.151) . we define = S 2 . Then we obtain a 
set of equations: 


s'l = S2 = 


S3S4 -|- S5S6 
Si 


(5.16) 


We find that the above set of equations is the set of equations of the mutations in Section 15.71 
Therefore, we have the following theorem. 


Theorem 5.8. The Hernandez-Leclerc conjecture (Conjecture 11.11) is true for snake modules 
of types An and Bn. 


6 . Examples of mutation sequences for some snake modules 
In this section, we give some examples of mutation sequences for some snake modules. 
Example 6.1. In type A 5 , let 5 = 2_i24_85_55_34o. By Dehnition AB.R 

TS{S) = {4o, 5_55_34 o, 2_i24 _85_5}. 

The set of distinguished factors of S is {4o, 5_5}. The mutation sequence for 5 is 

^(■^ 4 , 0 ), 1(.^5,-5)5 KBi-^5-5)), KT^(-^5,-5))5 KT^i-^5-5)), Cs-d, C 2 -IO, Ci-W 
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We obtain the snake module S = L{S) at the vertex which h as the label ( 2 , — 12 ), see Figure [771 
The initial quivers in this section are the initial quivers in HLljjll . T he mu tation sequences in 
this section are similar to the mutation sequences given in In \HL1AJ . the mutation se¬ 

quences produce Kirillov-Reshetikhin modules. In the following, the mutation sequences produce 
prime snake modules. 




(a) 


(b) 



(-3) 

1(5),iW 

A 

(- 5 ) 
2 ( 5 ), 1 ( 4 ) 

(-7) 

3(5),1(4) 
A 

(-9) 

4(5),1(4) 

A 

(- 11 ) 
5(5),1(4) 
A 

(- 13 ) 
6(5),1(4) 

A 

(- 15 ) 
7(5),1(4) 
A 



(-3) 

1(5),1(4) 

A 

(- 5 ) 
2(5),1(4) 

(-7) 

3(5),1(4) 

A 

(-9) 

4(5),1(4) 
A 

(- 11 ) 

5 ( 5 ), 1 ( 4 ) 

A 

(- 13 ) 
6(5) ,1(4) 
A 

(- 15 ) 
7(5),1(4) 
A 



(-3) 

1(5),1(4) 
A 

(-5) 

2(5),1(4) 

(-7) 

3(5),1(4) 
A 

(- 9 ) 
4(5),1(4) 
A 

(- 11 ) 

5(5),1(4) 

A 

(- 13 ) 
6(5),1(4) 
A 

(- 15 ) 
7(5),1(4) 
A 
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0 ) 


(h) 



(- 3 ) 

1(5),1(4) 
k 

(-5) 
2(5),1(4) 

(- 7 ) 

3(5),1(4) 

A 

(- 9 ) 

4(5),1(4) 
A 

(- 11 ) 

5 ( 5 ), 1 ( 4 ) 

A 

(-13) 
6(5),1(4) 

A 

(-15) 
7(5),1(4) 
A 


(^) 


Figure 11 . In type A^, (a) is the original quiver of type and ( 6 ), (c), (d), (e), 
(/)) (d)) (h), (i) are the quivers after we mutate ((j^s^-s), ((Ti(.if5^_5)), 

((Tf(.J^5_5)), l(rf(.i^5_5)), Ca-g, (S'2-10, Cl _ii respectively. 


Example 6.2. /n type A^, let S = 2_i84_i45_ii5_94_6. By Defimtion \5. 11 

1FS{S) = {4_6, 5_ii5_g4_6, 2 _i84_i45_ii}. 

The set of distinguished factors of S is {4_6, 5_ii}. The mutation sequence for S is 
(^ 2 , 0 ) (^4,0) (^ 1 ,- 1 ) Cs-l, C 2 ,- 2 , (1^4,- 2 , (l^l,-3) <^3,-3) (^5,-3; 

C 2 -A, C4-i, Ci^_5, Ca^-s, r(.if4__6), l(.if5,_ii), l(r/(.if5__ii)), 

l(uf(.i?5,-ll))) (^3,-15) <^2,-16, (^1,-17- 

IFe obtain the snake module S = L{S) at the vertex which has the label (2, —18). 
Example 6.3. In type A^, let S = 3_253_2i2_i62_i23_92_e2_4l_i. 


J^5(3_253-2l2-162-123_92_62_4l_i) = {1-1, 3-92_62_4l_i, 2-123-9, 2-162-12, 3-2 i2-16, 3-253-2i}. 
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The set of distinguished factors of S is {l-i, 3_9, 2_i2, 2_i6, 3_2i}. The mutation sequence 
for S is 

^ 3 ,- 5 , Q.-e, ^ 3 ,- 7 , ^ 4 ,- 8 , 

.^2,-12, t(.^2,-16), Tr{^2-16), .^3,-21- 

We obtain the snake module S = L{S) at the vertex which has the label (3, —25). 

Example 6.4. In type let S = l_352_292_2i3_i63_io2_5. 

•^‘5(1_352_292_2i3_i63_io2_5) = {2_5, 3_io2_5, 3_i63_io, 2_2i3_i6, 2_292_21, 1_352_29}. 

The set of distinguished factors of S is {2_5, 3_io, 3_i6, 2_2i, 2_29}. The mutation sequence 
for S is 

Csfi, C 2 - 1 , Ci- 3 , C 3 - 2 , Ci-i, C 2 - 3 , ^{■^ 2 ,- 3 ), 

■^3,-10, ^(.^3,-16)) ^(''■^(-^^3,-16)), -^2,-21, l(.^2,-29)- 

We obtain the snake module S = L{S) at the vertex which has the label (1, —35). 

Let S = 2_432_352_3i1_253_i83_83_23o. By Definition \5.1[ 

IFS{S) = {3_23o, 3-83-2, 3-183-8, 1-253-18, 2-352-3i1-25, 2-432-35}. 

The set of distinguished factors of S is {So, 3 - 2 , 3-8, 3-i8, I- 25 , 2 - 35 }. The mutation sequence 
for S is 

■^ 3 ,- 2 , ^ 3 ,- 8 , t {-^ 3 - 8 ), l^(.^3,-18), l^(L'r(.^3,-18)), ^(.^1,-25), (-^1,-25)), ■^2,-35- 

We obtain the snake module S = L{S) at the vertex which has the label (2, —43). 


7. Proofs of Theorem 13.41 
In this section, we will prove Theorem 13.41 


7.1. Proof of Theorem 13.41 Let iS be a prime snake module and S its highest Lweight mono¬ 
mial. Then S can be written as 


it) 


S = S 

j,(n.Ji) ^(»2J'2) j (*m — 1 idm—l 

where m > 1, > 0, 1 < ^ < m — 1, if = 0, then ii ^ it+i, ki,k 2 , ■ ■ ■ ,km S ^>i, t G Z. 

The theorem follows from the fact: Xq{^)Xq{^) has only one dominant monomial 5^. 

Let L = Suppose that m = (respectively, m' = W^=im{p{)) be a 

monomial in the first (respectively, the second) Xq{S) in Xq{'S)Xq{'S), where {pi,...,pl) G 
^{ci,de)i<t<L (respectively, {p{,... ,pf) G ^ ^ non-overlapping paths and 

'^r+J2izl ke ^ L’ ^r+jzizl ^ + X^£=1 

where 1 < r < kj, 1 < j < m, by convention Y^t=i ~ 0- 

Suppose that mm' is dominant. If pr p^^ then mm' is right-negative and not dominant. 
Therefore pr = p)!} Similarly, we have pf = p'^ . By the non-overlapping property, we 

have p' = , pj = p+ . for all 1 -F YlT=i^ h < j < L. 

j'’ 3 3 t 3 
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Suppose that 

hi + p\ 


—1 , id^rn — l , 

^ i —-^ ^£—1 


Then 


has some negative factor ii, 


where {i,i) € Ch . By Theorem l3.5[ m has the negative factor . Therefore, the negative 

factor is canceled by m'. It follows that m' / 5 since is not in S. But then mm' has one 
of the following factors: 


in 


type 2 ^+i_ 2 ) •••) (* ‘^)e+ 2 ^ (* 

1-1 


(7.1) 


in type B^'. i ^ n, l^_|_ 2 j_ 2 ) 2 ^_|_ 2 j_ 4 , ..., (i 2 )^_|_ 4 , (i l)f_|_ 2 ! 
i = n, l£_,_2j_3, 2 ^_|_ 2 j_ 5 , (i — 2 )^_|_ 3 , — 

This contradicts the assumption that mm' is dominant. Therefore, py-m-i f. = p^ ^ 

i kp 

By Theorem l3.5l we have pj = P^. for all ^ + kt < j < Yl^=i ke- By the same argument, 

we have Pj = p'^. 1 < j < k^. Therefore, m = 5. 

By the same argument, we have m' = S. Therefore, the only dominant monomial in Xq{S)Xq{S) 
is S 2 . 


8 . Proof of Theorem 14.11 
In this section, we will prove Theorem 14.11 

8.1. Classification of dominant monomials. First we classify all dominant monomials in 
each summand on the left- and right-hand sides of every equation in Theorem 14.11 We have the 
following lemma. 

Lemma 8.1. Let [ 5 i][iS 2 ] = [ 53 ][ 54 ] -|- [ 55 ][ 56 ] he any equation in the S-system of type An (re¬ 
spectively, Bn) in Theorem \4.1\ Let Si be the highest l-weight monomial of Si, i € {1,2,... , 6 }. 
The dominant monomials in each summand on the left- and right-hand sides of [iSi][ 52 ] = 
[ 53 ] [ 54 ] -|- [ 1 S 5 ] [iSe] are given in Table 0 


Summands in the equations 

M 

Dominant monomials 

XqiSPfXqiSi) 

M=SiS2 

1 , OJ - J , —l<r</ci—1 

XqiSAXqiSA 

M=SiSi 

M I, 0 ^ ■ ^ l<r<A;i—2 

Xq{.SAXq{S(,) 

M=Ss.S6 

M 


Table 3. Dominant monomials in the 5-systems of types An and Bn 


8.2. Proof of Theorem 14.IL By Table O the dominant monomials of the g-characters of 
the left-hand side and of the right-hand side of every equation in Theorem 14.11 are the same. 
Therefore, Theorem O is true. 

8.3. Proof of Lemma 18.11 We will prove the case of type An and the case of type Bn respec¬ 
tively. 


Proof of the case of type An- Let 

S = 




(im) ’ 
m 


52 


cd) 

r.(*2) j.CiS'W) j,(MJ'4) 
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where m > 3, ii > i 2 , is > 12 , ji ^ 3 < i < m — 1. The other cases are similar. 

Let L = kg. Suppose that m = 0^=1 be a monomial in Xq{S 2 ), where {pi,... ,pl) € 

^{cj,dj)i<j<L ^ tuple of non-overlapping paths and 

^r+T,izl ki = ^r+YZ^z\ fcf = * + - 2 + 

where 1 < r < /cj, 1 < j < m, by convention Y^t=i ~ b- 

Let m' = n^=i 'kiT'ip'j) be a monomial in Xq(‘5i), where {p'l,... ,p'i) € is a tuple 

of non-overlapping paths and 

4 = 4 = ■ ■ ■ = 4i = 4i+i = 4 i+2 = • • • = <^ki+k2 = *2 + 1 , 

= t “2, ^2 ~ ^ T 4, ..., = t 2A:i, 

dfci-i-i = t + ni -|- 1, d'^j+2 = t + ni + 3, ..., = t + ni + 2/c2 — 1, 

, v-i-i I, = d' , v-i-i I, = t + 2r-2-h n^, 

where l<r<kj,3<j<m. 

We have Cj = c', dj = d'-, /ci -|- A :2 + 1 < J < L. 

Suppose that mm' is dominant. By the same arguments as the arguments in the proof of 

Theorem 13.41 we have Pj = p^. ki + 1 < j < L and p' = p '^, 1 < j < L. 

If pk, = pt ^ , then p,- = pt j for all 1 < 7 < /si — 1. Therefore, mm'=S'i52. If 

Pki = Pt^,dk,^iut+ 2 k^-v then pj G {p+ pt.,d,K]t+ 2 j-i}^ 1 < j < ki - 1. Therefore, 
mm' is one of the dominant monomials 5'iS'2 0^=0 0 < r < fci — 1. If pk^ ^ 

iPck dk ’ Pck dk ^ii\+ 2 fei-i}’ fben by the same arguments as the arguments in the proof of 

Theorem Ea it follows that mm' is not dominant which contradicts our assumption. □ 


Proof of the case of type Bn- Let 




<Si =5 


_ c(*) 


52 = 5 


, (^>dl) ^(*3’d3) ^(«m) ’ 


where ji > 1. The other cases are similar. 

Let L = Suppose that m = 0^1 kn{pj) be a monomial in Xg(52), where (pi,... ,pl) € 

^{cj,dj)i<j<L i® ^ tuple of non-overlapping paths and 


^r+jzizl ki ~ L ’ ^r+YZiZl ki 2dj^.r 2di. + ^ 


7-1 

£=1 


ne, 


where 1 < r < kj, 1 < j < m, by convention Y^£=i ~ b. 

Let m' = rn{p'j) be a monomial in Xq(5i), where {p'l,... ,p'j^) € i^{c'.,d')i<j<L i® ^ tuple 

of non-overlapping paths and 


^2 * * * ^ki ^5 


di — t + 2, £^2 — t + 4, • • ■, dp, — t -\- 2/ci, dp. t T 2,ki -\- 2, 


j _ 

<+i+Ei;i<=, = ‘J- ''hi+ECl»< = ‘ + + Efci 


where 1 < r < A:,-, 2 < j < m. 
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We have Cj = dj = ki + 1 < j < L. 

Suppose that mm' is dominant. By the same arguments as the arguments in the proof of 

., + 1 < j < and p' = , I < j < L + 1. 

3’ j 


Theorem 13.41 we have pj = 

If pki = pt d ^ then pj = p^. J. for all 1 < j < fci — 1. Therefore, mm' = SiS 2 - If 
Pki = Pt^,d,,^73]t+2k3-v then Pj G {p +I < j < ki - 1. Therefore, 
mm' is one of the dominant monomials 5'i5'2 0^=0 Ay\+ 2 fci- 2 j-i’ 0 < r < /ci — 1. If p^^ ^ 
^Ptk dk ’ Pck dk ^iy\+ 2 fci-i}’ then by the same arguments as the arguments in the proof of 
Theorem Eai it follows that mm' is not dominant which contradicts our assumption. □ 


9. Proof of Theorem 14.31 


In this section, we will prove Theorem 14.31 
By Lemma l8.ll we have the following corollary. 


Corollary 9.1. The modules in the second summand on the right-hand side of every equation 
of the S-systems for types An and Bn are special. In particular, they are simple. 


Therefore, in order to prove Theorem 14.31 we only need to prove that the modules in the first 
summand on the right-hand side of every equation of the 5-systems for types An and Bn are 
simple. We will prove that Xq{S 3 )Xq{SA) is simple in the case of type An, where 

S = 5 ^^ s = 5 ^+ 2 ) 

and m > 3, ii > i 2 , is > i 2 , je ^ 0, 3 < £ < m — 1. The other cases are similar. 

By Lemma ()8.ip . the dominant monomials of Xg(53)xg(54) are 


Mr = 5354 n 
j=0 


i+2A:i-2j-l> 


-1 < r < ki - 2, 


where Ss (respectively, 54 ) is 53 (respectively, 54 ) highest /-weight monomial. We need to show 
that Xq{Mr) ^ Xg('S'3)Xg(54) for 0 < r < /ci — 2. We will prove the case of r = 0, the other cases 
are similar. 

Let m = 53544 - 2 + 2 fei-i- By Corollary 12.51 the monomial ni G Xg(Mo). Suppose that ni G 

Xq{Ss)Xq{S4). Then m = mim 2 , where mi G Xq{Ss), m 2 G Xg( 54 ). Since ni = 5 ' 35444 ^ 1 + 2 ^ 1 -u 
by the expressions Ss and 54 we must have 

mi = 534 ^,t+ 2 fci-i! ^-2 = 544^,1+2^1-1- 

But by the Frenkel-Mukhin algorithm, 53^-^^^2fci-i is not in XqiSs). This is a contradiction. 
Therefore, ni ^ Xq(.S3)Xq{S4) and hence Xq{Mo) ^ Xq{Ss)Xq{SA)- 
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